
Abstract In the framework of effective mass envelope

function theory, the electronic structures of GaAs/Alx-

Ga1-xAs quantum double rings (QDRs) are studied. Our

model can be used to calculate the electronic structures

of quantum wells, wires, dots, and the single ring. In

calculations, the effects due to the different effective

masses of electrons and holes in GaAs and AlxGa1-xAs

and the valence band mixing are considered. The energy

levels of electrons and holes are calculated for different

shapes of QDRs. The calculated results are useful in

designing and fabricating the interrelated photoelectric

devices. The single electron states presented here are

useful for the study of the electron correlations and the

effects of magnetic fields in QDRs.

Keywords Electronic structures Æ GaAs Æ Quantum

double rings Æ Nanostructures Æ Effective-mass theory Æ
Band mixing

PACS: 78.20.Bh Æ 78.66.Fd

Introduction

Growth of semiconductor nanostructures has attracted

much attention due to their unique electronic and

optical properties as well as potential applications in

making electronic and optoelectronic devices.

Recently, T. Mano et al. fabricated the self-assem-

bled formation of concentric quantum double rings

(QDRs) with high uniformity and excellent rotational

symmetry using the dropletepitaxy technique [1]. They

calculated the electronic energy levels using the

effective mass approximation. For computational pur-

poses, they assumed that the quantum rings have a

rotational symmetry relative to the growth axis. Aside

from this assumption, no adjustable parameters were

used in the model. However, the valence band mixing

was not considered in their calculations.

We have studied the electronic states and valence

band structures of the InAs/GaAs quantum single ring

[2]. In this letter, using the effective-mass envelope-

function theory, we will study the electron and hole

states of QDRs. In our calculations, the effects due to

the different effective masses of electrons and holes in

GaAs and AlxGa1-xAs and the valence band mixing are

included. Our model can be used to calculate the

electronic structures of quantum wells, wires, dots and

the single ring. The single electron states are useful for

the study of the electron correlations and the effects of

magnetic fields on QDRs.

Theoretical model

Figure 1 shows the schematic plot of the GaAs/AlxGa1-x

As QDRs. In the following, we choose z-direction of our

coordinate system to be perpendicular to the plane of

quantum rings. The QDRs are concentric. We suppose

the inner radius and outer radius are R1, R2 for the small

ring and R3, R4 for the large ring, respectively. The

height of QDRs is l. If R1 = R2, or R3 = R4, the QDRs

become quantum single ring.
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According to Burt and Foreman’s effective-mass the-

ory and taking into account the difference of the effec-

tive-masses between GaAs and AlxGa1-xAs [3, 4], the

electron Hamiltonian can be written as (neglecting the

second- and higher-order terms in the approximation)

He ¼ P
1

2m�eðx; y; zÞ
Pþ Veðx; y; zÞ: ð1Þ

In the above equation,

m�eðx;y;zÞ¼
m�1 R2

1�q2�R2
2 orR2

3�q2�R2
4;andjzj� l;

m�2 others;

�

ð2Þ

Veðx;y;zÞ¼ 0 R2
1�q2�R2

2 orR2
3�q2�R2

4; and jzj� l;
Ec others;

�

ð3Þ

where q2 ¼ x2 þ y2, and m1
* and m2

* are the effective

electron masses in GaAs and AlxGa1-xAs, respectively.

Ec is the conduction band offset between GaAs and

AlxGa1-xAs. The electron Schrödinger equation is

HeWeðreÞ ¼ EeWeðreÞ: ð4Þ

Using the periodic boundary condition, we assume that

the electron wave functions have the following forms

WeðrÞ ¼
1

L3=2

X
nxnynz

anxnynz
eiðknxxþknyyþknzzÞ; ð5Þ

with kni ¼ ki þ niK, ni ¼ 0;�1;�2; . . ., and i = x,y,z;

K = 2p/L, r = (x, y, z). L denotes the periods of the

large units. The matrix elements of Hamiltonian (1) for

Eq. 5 can be written as

�h2

2m�2
dþ �h2

2m�12

SiSj

 !
knxk0nx þ knyk0ny þ knzk0nz

� �

þ d� SiSj

� �
Ec; ð6Þ

where kni
¢ = ki + ni

¢K, and

d ¼ 1 for nx ¼ n0x; ny ¼ n0y; and nz ¼ n0z;
0 otherwise;

�
ð7Þ

�h2

2m�12

¼ �h2

2m�1
� �h2

2m�2
; ð8Þ

Si ¼
l=L; nz ¼ n�z;

sin½pðnz�n0zÞl=L�
pðnz�n0zÞ

; nz 6¼ n0z;

(
ð9Þ

Sj¼
p½ðR2

2�R2
1ÞþðR2

4�R2
3Þ�=L2; nx¼n0x and ny¼n0y;

ðF2�F1þF4�F3Þ=ðkLÞ; nx 6¼n0x or ny 6¼n0y:

�

ð10Þ

In the above equation, Fi ¼ RiJ1ðkKRiÞwith i = 1, 2,3,4;

J1 is the first-order Bessel function J1ðxÞ ¼ x
2p

R p
0 cos

xcoshð Þsin2h dh; and k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nx � n0x
� �2þ ny � n0y

� �2
r

.

Therefore, we can calculate the electronic states from
Eq. 6.

Fig. 1 Schematic plot of the
GaAs/AlxGa1-xAs quantum
double rings
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For the hole states, the hole effective mass Hamil-

tonian can be written as [4]

Hh ¼
1

2m0

Pþ R �Q� 0
Ry P� Cy �Q

y
þ

�Qy� C P� �R
0 �Qþ �Ry Pþ

2
664

3
775þ Vh; ð11Þ

where

VhðrÞ ¼ 0 R2
1 � q2 �R2

2 or R2
3 � q2 �R2

4; and jzj � l;
Vh0 otherwise;

�

ð12Þ

P� ¼ pxðc1 � c2Þpx þ pyðc1 � c2Þpy þ pzðc1 � 2c2Þpz;

Q� ¼ 2
ffiffiffi
3
p
ðpx � ipyÞrpz þ pzpðpx � ipyÞ
� �

;

R ¼
ffiffiffi
3
p
ðpx þ ipyÞlðpx þ ipyÞ � ðpx � ipyÞcðpx � ipyÞ
� �

;

C ¼ 2pzðr� pÞðpx � ipyÞ � 2ðpx � ipyÞðr� pÞpz;

ð13Þ

and

r ¼ ð�1� c1 þ 2c2 þ 6c3Þ=6;

p ¼ ð1þ c1 � 2c2Þ=6;

c ¼ ðc2 þ c3Þ=2;

l ¼ �ðc2 � c3Þ=2:

ð14Þ

Here c1, c2, and c3 are functions of x, y, and z,

c1; c2; c3 ¼
c11; c12; c13 for R2

1 � q2 � R2
2

or R2
3 � q2 � R2

4; and jzj � l;
c21; c22; c23 otherwise:

8<
:

ð15Þ

The notations c11, c12, c13 and c21, c22, c23 are the

Luttinger effective mass parameters of GaAs, AlxGa1-

xAs materials, respectively; and m0 is the free electron

mass.

The hole envelope function equation is

HhWh ¼ EhWh: ð16Þ

Using the normalized plane-wave expansion method

[5], we assume that the hole-wave functions have the

following form:

WhðrhÞ ¼
1

L3=2

X
nxnynz

anxnynz

bnxnynz

cnxnynz

dnxnynz

2
664

3
775ei knxxþknyyþknzzð Þ: ð17Þ

The matrix elements of Hamiltonian (11) for Eq. 17

can be written as

ðP�Þnxnynz;n0xn0yn0z
¼ðc1

�dþ c2
�SiSjÞðknxk0nxþknyk0nyÞ

þ ðc3
�dþ c4

�SiSjÞðknzk0nzÞ;
ðQ�Þnxnynz;n0xn0yn0z

¼2
ffiffiffi
3
p

ðr2� d2Þd½f

�ðr1� d1�r2þ d2ÞSiSj

�	
ðk0nx� ik0nyÞk0nz:þ p2d�ðp1�p2ÞSiSj

� �	
ðknx� iknyÞk0nzg;

Rnxnynz;n0xn0yn0z ¼
ffiffiffi
3
p

l2d�ðl1�l2ÞSiSj

� �
ðknxþ iknyÞ



ðk0nxþ ik0nyÞ� c2d�ðc1� c2ÞSiSj

� �
ðknx� iknyÞðk0nx� ik0nyÞg;

Cnxnynz;n0xn0yn0z ¼2ðr1� d1�p1�r2þ d2þp2ÞSiSj

ðknx� iknyÞk0nz�ðk0nx� ik0nyÞknz

h i
;

ðVhÞnxnynz;n0xn0yn0z
¼ðd�SiSjÞVh0;

with c1
� ¼ c21 � c22, c2

� ¼ ðc11 � c12Þ � c1
�, c3

� ¼ c21�
2c22, c4

� ¼ ðc11 � 2c12Þ � c3
�, ri � di ¼ ð�1� ci1 þ 2ci2

þ6ci3Þ=6, pi = (1 + ci1 – 2 ci2)/6, ci = (ci2 + ci3)/

2, li = – (ci2 – ci3)/2, ri � di � pi ¼ ð�1� ci1 þ 2ci2

þ3ci3Þ=3, and i = 1 or 2. Thus, the hole energy levels can

be worked out from Eq. 18.

Results and discussion

We take the material parameters from Ref. 6. The

aluminum proportion in AlxGa1-xAs is taken to be

x = 0.3, which equals the value for the experimental

samples in Ref. 1. The effective masses and band gaps

Eg
G(eV) are listed in Table 1. The conduction-band

offset is assumed to be 65% of the band gap difference.

We have calculated the electron and hole energy

levels as functions of the radius of QDRs. In calcula-

tions, we assume the height of QDRs to be l=3 nm.

Figure 2a, b shows the electron and hole energy

levels as a function of R1, respectively, for fixed

Table 1 The effective masses
and band gaps Eg

G (eV) of
bulk GaAs and Al0.3Ga0.7As

Material m�eðm0Þ c1 c2 c3 Eg
G(eV)

GaAs 0.067 6.98 2.06 2.93 1.519
AlAs 0.15 3.76 0.82 1.42 3.099
Al0.3Ga0.7As 0.0919 6.014 1.688 2.477 1.993
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R2 = 6 nm, R3=8 nm, and R4=10 nm. From Fig. 2a,

one may find that there is only one deep confined

electronic energy level for the above structure param-

eters. The anti-crossing is found near R1=4.5 nm for

the second and the third electron energy levels.

Figure 2b shows there are two confined hole energy

levels for the above structure parameters.

Figure 3a, b shows the electron and hole energy

levels as a function of R2, respectively, for R1=4 nm,

R3=8 nm, and R4=10 nm. The one and two confined

electron energy levels is found for R2 < and > 5.9 nm,

respectively. The anti-crossing is found near the same

R2=5.9 nm for the second and the third electron energy

levels. The hole confined energy levels decrease

monotonical as R2 increases.

Figure 4a, b shows the electron and hole energy

levels as a function of R3, respectively, for R1=4 nm,

R2=6 nm, and R4=10 nm. The one and two confined

electron energy levels is found for R3 < and > 8.1 nm,

respectively. The anti-crossing is found near the same

R2=8.1 nm for the second and the third electron energy

levels. The only two confined hole energy levels is

found for R3 > 9.5 nm.

Figure 5a, b shows the electron and hole energy

levels as a function of R4, respectively, for R1=4 nm,

R2=6 nm, and R3=8 nm. The one and two confined

electron energy levels is found for R4 < and > 10 nm,

respectively. The anti-crossing is found near the same

R4=10 nm for the second and the third electron energy

levels. The only two confined hole energy levels is

found for R4 < 8.8 nm,

Taking the structure parameters of the QDRs to be

l = 3.5 nm, R1=10 nm, R2=35 nm, R3=40 nm, and

R4=60 nm, the transition energies for the ground

electron energy level transiting to the ground heavy-

and light-hole energy levels were calculated to be

1.694, and 1.696 eV, respectively. These calculated
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results are somewhat higher than the available exper-

imental data in Ref. 1 for we have not included the

binding energy of exciton. The exciton binding energy

is estimated to be 15 meV from the difference between

the theoretical values and experimental data.

Summary

In this paper, we have calculated the electronic states

of GaAs/AlxGa1-xAs QDRs. The model we proposed

can be used to calculate the electronic states of

quantum wells, wires, dots, and the single ring. The

single electron states are useful for the study of the

electron correlations and the effects of magnetic fields

on QDRs. Our calculated results are useful in

designing and fabricating the interrelated photoelec-

tric devices.
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